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The first idea of statistical convergence goes back to the first edition of the famous Zygmund's monograph \[[@CR1]\]. The statistical convergence was introduced for real and complex sequences by Steinhaus \[[@CR2]\]. Fast \[[@CR3]\] extended the usual concept of sequential limit and called it statistical convergence. Schoenberg \[[@CR4]\] called it as D-Convergence. The idea depends on a certain density of subsets of $\documentclass[12pt]{minimal}
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The order of statistical convergence of a sequence of positive linear operators was given by Gadjiev and Orhan \[[@CR21]\], and after that Çolak \[[@CR22]\] introduced statistical convergence of order *α* and strong *p*-Cesàro summability of order *α*.

Statistical convergence was introduced for double sequences by Mursaleen and Edely \[[@CR23]\]. Besides this topic was studied by many authors (such as \[[@CR15], [@CR24], [@CR25]\]). For some further works in this direction, we refer to \[[@CR26]--[@CR30]\].

The concepts of convergence and statistical convergence for double sequence can be expressed as follows.
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The idea of a modulus function was introduced in 1953 by Nakano \[[@CR32]\]. Later, Ruckle \[[@CR33]\] and Maddox \[[@CR34]\] used this concept to construct some sequence spaces. Let us remind modulus function.
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Aizpuru *et al.* \[[@CR35]\] introduced and discussed the concepts of *f*-statistical convergence and *f*-statistically Cauchy sequences, a single sequence of numbers, where *f* is an unbounded modulus function. Bhardwaj and Dhawan \[[@CR36]\] continued this work and defined *f*-statistical convergence of order *α*. This new idea was introduced by Borgohain and Savaş \[[@CR37]\] under the name of '$\documentclass[12pt]{minimal}
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*λ*-statistical convergence of double sequences has been expressed by Mursaleen *et al.* \[[@CR41]\].
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We begin with the following definitions.
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Proof {#FPar4}
-----
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The following results can be easily derived from Theorem [2.3](#FPar3){ref-type="sec"}.

Corollary 2.4 {#FPar5}
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Strongly double Cesàro summability of order *α̃* defined by a modulus function {#Sec3}
=============================================================================

In this section, we give the relationships between the spaces $\documentclass[12pt]{minimal}
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Definition 3.1 {#FPar7}
--------------

Let *f* be a modulus function and *α̃* be a positive real number. We have $$\documentclass[12pt]{minimal}
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Theorem 3.2 {#FPar8}
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Proof {#FPar9}
-----

\(i\) The proof of (i) is trivial.
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Theorem 3.3 {#FPar10}
-----------
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Theorem 3.4 {#FPar12}
-----------
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-----

Following the proof of Proposition 1 of Maddox \[[@CR42]\], we have $\documentclass[12pt]{minimal}
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Theorem 3.5 {#FPar14}
-----------
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========================================================================================================================================================================================

In this section, we give the relationship between the strong $\documentclass[12pt]{minimal}
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Lemma 4.1 {#FPar15}
---------

*Let* *f* *be an unbounded function such that there is a positive constant* *c* *such that* $\documentclass[12pt]{minimal}
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Theorem 4.2 {#FPar16}
-----------
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Proof {#FPar17}
-----
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If we take *β̃* ≅*α̃* in Theorem [4.2](#FPar16){ref-type="sec"}, we have the following.

Corollary 4.3 {#FPar18}
-------------

*Let* *f* *be an unbounded modulus function* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f ( xy ) \geq cf ( x ) f ( y ) $\end{document}$, *where* *c* *is a positive constant for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\geq 0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y\geq 0$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lim_{t\rightarrow \infty }\frac{f ( t ) }{t}>0$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\tilde{\alpha }\in (0,1]$\end{document}$. *If a sequence is strongly* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{\lambda, \mu }$\end{document}$-*Cesàro summable of order* *α̃* *with respect to* *f* *to* *ℓ*, *then it is* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{\lambda,\mu }$\end{document}$-*statistically convergent of order* *α̃* *to* *ℓ*.

Conclusions {#Sec5}
===========

In this study, we define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{\lambda,\mu }$\end{document}$-statistical convergence for double sequences of order *α̃*, where *f* is an unbounded modulus function. Besides this we also study strong $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{\lambda,\mu }$\end{document}$-Cesàro summability for double sequences of order *α̃* and give inclusion relations. These results are the generalizations of the studies by Meenakshi *et al.* \[[@CR43]\].

**Publisher's Note**

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

All authors contributed equally to this work. All authors read and approved the final manuscript.

Competing interests {#FPar19}
===================

The authors declare that they have no competing interests.
